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The relevance of the research topic. In this dissertation, we investigate
pseudo-differential operators generated by the Dunkl operators and consider inverse
source problems for the parabolic and pseudo-parabolic equations.

Pseudo-differential operators generated by the Dunkl operators were first
studied by A. Dachraoui in 2001 and several boundedness results were obtained for
these operators in classical Schwarz spaces and Sobolev-type spaces. This is
followed by several papers where the L? and LP -boundedness of these operators were
studied, but the boundedness of amplitude, transpose and adjoint operators in
Schwarz spaces were not studied.

In this dissertation, we prove the boundedness of pseudo-differential,
amplitude, transpose and adjoint operators with classical symbols, generated by the
Dunkl operators, in Schwarz spaces. Inverse source problems for parabolic and
pseudo-parabolic equations with fractional derivatives of Caputo and Hilfer in time,
which had not been considered before, were also studied. It was shown that these
problems are correctly solvable in the Hadamard sense and explicit form of solutions
to these problems were obtained.

The aim of the PhD thesis is to develop the theory of pseudo-differential
operators generated by the Dunkl operators and to study inverse source problems for
the parabolic and pseudo-parabolic equations.

To achieve the aim of the dissertation, the main objectives of the following

research are considered:

-Prove that the pseudo-differential operators with classical symbols, generated
by the Dunkl operators are linear continuous operators defined on Schwarz spaces.

-Prove that the amplitude operators with classical symbols, generated by the
Dunkl operators are linear continuous operators defined on Schwarz spaces.

-Prove that the transpose operators with classical symbols, generated by the
Dunkl operators are linear continuous operators defined on Schwarz spaces.

-Prove that the adjoint operators with classical symbols, generated by the
Dunkl operators are linear continuous operators defined on Schwarz spaces.



-Define the kernels of the pseudo-differential operators generated by the
Dunkl operators and show that the kernels are smooth functions.

-Show the correct solvability of the inverse source problem for the heat
equation with the Caputo fractional derivative in time, generated by the Dunkl
operator.

-Show the correct solvability of the inverse source problem for the pseudo-
parabolic equation with the Caputo fractional derivative in time, generated by the
Dunkl operator.

-Show the correct solvability of the inverse source problem for the heat
equation with the Hilfer fractional derivative in time, generated by the Dunkl
operator.

The object of the PhD thesis is Dunkl operators and pseudo-differential
operators generated by the Dunkl operators.

The methods of scientific research. The dissertation uses the methods of the
theory of pseudo-differential operators, the theory of partial differential equations,
the theory of functions and the theory of special functions.

Scientific novelty of the work. The problems that considered in this
dissertation are new.

The following new tasks are presented in the dissertation as an application of
Dunkl analysis:

We will consider the following problem

DgJ,,tu(t, x) — DG yu(t, x) + mu(t, x) = f(x), (t,x) € Qr,

u(0,x) = @(x), x € R,
u(T,x) = P(x), x € R,

where Qr :={(t,x): 0<t<T <+, xR}, D/,
derivative, DZ .. is the Dunkl Laplacian, and ¢, i are given suitable functions. In the

dissertation, we showed that the above problem has a unique pair of solutions (u, f)
In Sobolev-type spaces and showed an explicit form of the solution. Then we
considered the following problem, as a continuation of the above problem,

Is the Caputo fractional

DgJ,,t (u(t, x) — aDé,xu(t,x)) — DZ yu(t,x) + mu(t,x) = f(x), (t,x) € Qr,
u(0,x) = p(x), x € R,
u(T,x) = YP(x), x € R,

where a is positive number, if a is equal to zero, then we obtain the first problem.
Here we have shown that the problem has a unique pair of solutions (u, f) in Sobolev



type spaces and found an explicit form of the solution. At the end, we considered the
problem

D% u(t,x) — aDZu(t,x) = p(Of (1),  (t,x) € Qr,

tl_i)rgl+ I;:'Zu(t, x) = @(x), x € R,
u(T,x) =), x € R,

where Dé’f;“)s is the Hilfer fractional derivative, I;:" is the Riemann-Liouville

,t

fractional integral, and p is the given function. Here, we have also shown that the
problem has a unique pair of solutions (u, f) in Sobolev-type spaces and found an
explicit form of the solution.

Theoretical and practical significance of the results. The research on the
topic is mainly theoretical and fundamental. Their scientific significance is due
precisely to the deep level of fundamentality of the results obtained.
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The structure and scope of the thesis. The dissertation work consists of a
title page, a table of contents, an introduction, three sections, a conclusion and a list
of references. The total volume of the dissertation is 109 pages with 99 references
to literature.

The main content of the thesis. The introduction contains the relevance of

the research topic, goals and objectives, the main provisions for the defense of the
dissertation, the object and subject of the research, research methods, novelty and
theoretical and practical significance of the research, the connection of the PhD
thesis with other research papers, the approbation of the work, the author's
publications, the scope and structure of the dissertation and content.

In the first chapter, we collect some basic results in the Dunkl analysis and
fractional analysis. We define the Dunkl operator D, and the Dunkl Laplacian D2
on the suitable spaces and consider properties of the Dunkl operator. We define the
Dunkl kernel E, (x, y) as a unique solution of the initial value problem generated by
the Dunkl operator. Then we obtain series and Poisson integral representations of
the Dunkl kernel. We prove that the Dunkl kernel E, (x, y) does not have zeros for
all x,y € R. Then we define Dunkl and inverse Dunkl transforms and study their
properties. After we define the Dunkl transform on tempered distributions and prove
that it is a continuous linear transformation. Also, we give Taylor series generated
by the Dunkl operator, as a part of Dunkl analysis.

In the second chapter, we consider pseudo-differential operators generated by
the Dunkl operator. Some boundedness results for these operators were already
known in the literature. We define amplitude, adjoint and transpose operators and
prove that pseudo-differential, amplitude, adjoint and transpose operators are linear
transformations on the Schwartz spaces. We also define pseudo-differential
operators on tempered distributions and prove that it is a continuous linear
transformation. Then we study properties of the distributional and convolution
kernels of the pseudo-differential operators. In particular, we prove Schur's lemma.
We obtain some boundedness results on spaces L(R,du,) for the pseudo-



differential operators and composition of the pseudo-differential operators, under
certain assumptions.

In the last chapter, we study inverse source problems for Dunkl-heat and
Dunkl-pseudo-parabolic equations with Caputo and Hilfer fractional differential
operators. For this inverse source problems, we prove well-posedness results in the
sense of Hadamard. First, we consider direct problems and establish the unique
existence of a generalized solution. Then we consider inverse source problems and
define pair of solutions in suitable spaces. We use classical Fourier method. After
we establish stability results, which means that the solution of the inverse source
problems continuously depends on given data. Additionally, we consider some
examples to give an illustration of our analysis.
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